CONSIDERATIONS ON CERTAIN SERIES *

Leonhard Euler

§1 After I had discovered that the sums of the series of reciprocals contained
in this form

1 1 1 1 1
1i37+57i77+97iﬁ+etc"
where the upper signs hold, if n is an even number, the lower on the other
hand, if n is an odd number, depend on the quadrature of the circle and
involve the n-th power of the circumference of the circle, 71, I made several
observations concerning both these series themselves and their utility for the
summation of other series. Because these observations are not obvious and
might be useful for other similar tasks, I think it will not be out of place to

explain them here.

§2 Having constantly put the ratio of the diameter to the circumference of
the circle to be 1 to 7 I will consider the circle, whose radius is = 1, and 7t
will denote the half of its circumference or the arc of 180°. Therefore, if one
now takes the arc = s on this circle and the sine of this arc is = y, the cosine
is = y and the tangent is = ¢, it will be

*Original title: “De seriebus quibusdam considerationes”, first published in ,Commentarii
academiae scientiarum Petropolitanae 12, 1750, pp. 53-96, reprinted in ,Opera Omnia: Series 1,
Volume 14, pp. 407 - 462 “, Enestrom-Number E130, translated by: Alexander Aycock, for
the , Euler-Kreis Mainz”



and therefore

O—t—s—5t+ + - _ ot +etc
B 1-2 1.2.3 1-2-3-4 1-2---5 1-2---6 '

or

5 56

0=1-2-" 4

12123 1.2.3.4 1.2...5 1.2...6 ¢

§3 Hence first let us consider the equation containing the relation among the
sine y and the arc s; and it is manifest that the value s is not constant for a
given y, but denotes all the arcs with the same sine y. So let the smallest of
these arcs be = “!77; all the following arcs

m n—m 2n+m 3n—m dn+m
—7T, T, T, T, etc.
n n n n n
—n—m —2n+m —3n—m —4n+m —5n—m
T, T, T, T, 7T etc.
n n n n n

s s’

123 12345 127

will the following and infinitely many factors

— etc.

(1) () () (0 ) (- G

) etc.



§4 Therefore, the values of  will constitute the following series

. T
mr (mn—m)m  (m+m)mr 2n—m)mr  2n+m)wt = (3n—m)mw '

Their sum will be equal to the coefficient of —s in the equation, which coeftfi-
cient is

_ 1

=1y
The sum of the products of two factors in each term will be = 0, the sum of
three

= — tc.
123y °F
hence it will be as follows
1
sum of the terms only =——,
ly
sum of the products of two terms =0,
-1
sum of the products of three terms = ,
1-2-3y
sum of the products of four terms =0,

. 1
sum of the products of five terms = 1:2:3.4.5
sum of the products of six terms =0,

-1

sum of the products of seven terms = 1234567y

sum of the products of eight terms = 0

etc.



§5 But if, considering this series in general

a+b+c+d+e+etc,
we call the
sum of the terms itself = q,
sum of the products of two terms =,

sum of the products of three terms = v,
sum of the products of four terms =4,
sum of the products of five terms =g,

sum of the products of six terms =,

etc.,

one will be able to assign the sums of the squares, cubes, fourth powers and

of any powers of the terms of this series. Therefore, if it is

a +b +c +d +etc. = A,
a* + b + ® +d* 4 etc. = B,
B+ +S+P+etc. =C,
a* 4+ b+t d* fete. =D,
a° +b° 4+ +d°+etc. = E,
a® 418 +c®+d°+etc. =F

etc.,

the values of these sums will be determined in the following way

A =u,

B =aA—2p,

C =aB — BA+3y,

D=aC — BB + YA -4/,

E =aD—- BC+ 9B — 6A+5¢,

F =aE — BD+ yC — 0B+ €A —6(



etc.

Because this progression follows has a simple structure and each term is
conveniently determined from the preceding terms, we will be able to define
the values of 1 of the upper series exhibiting the sum of any powers of the
terms.

§6 But before we leave this general progression, it will be convenient to note
a remarkable relation among the values of the letters A, B, C, D etc. These
letters result from the expansion of the expression

w—2Bz+37z%—4623+5ez* —67z°+71z0 —etc.

1— az+ Bz2— 4z3+ 0zt~ ez°+ (z°—etc.

if the quotient is expanded into a power series in z by actual division, of
course. For, from that the division the following quotient will result

A + Bz + Cz% + Dz% + Ez* + FZ° + etc.,

so that this series is equal to that fraction we considered at the beginning.
Furthermore, it is to be noted, if the sum of the series

1—az + pz* — y2° + 6z —etc.

is put = Z and so Z is the denominator of that fraction, that then the numerator
will be —=#£. Using this result the sum of the series

A+ Bz + Cz%> + Dz% + Ez* + etc.
will be

_ —dz

- Zdz'
Therefore, not only the sums of the powers of the propounded series a + b +
¢ +d + etc., namely the values of the letters A, B, C, D etc. can be found from
the given products of two, three, four factors, but one will also be able to
assign the sum of the series which these powers, multiplied respectively by
the terms of another new geometric progression, constitute’; for, the sum of
the following series can be assigned

"By this Euler means the power series which has those letters A, B, C, D etc. as coefficients.



A+ Bz + Cz%2 + Dz° + Ez* + etc.

And having noted this property will be helpful in the following, where we
will investigate new series.

§7 Therefore, since both the sum of the terms of this series itself, namely

n(1l n T 11 n 1 n T 1 otc

n\m n—m m+n 2n—-m 2nm+m 3n—m 3n+m ’
and the sums of the products of two, three, four terms of the series and so
forth are given, namely

acl

ly
B=2

ly

B 1
€= Ty

C A
D=— —

ly 1-2-3y

D B 1
E‘@_1.2-3y+1-2-3 4y’
p=Lf__¢ ,_ 4

T 1y 1-2-3y ' 1-2-3-4-5y
G_F __D B B 1
1y 1-2-3y 1-2-3-4-5y 1-2-3-4-5-6y

etc.,

it will be as follows



! + ! — ! - ! + L + etc. = An
m n—m n+m 2n—m 2n+m " on’
LSS S S 1 N 1 +m_ﬁ#
m2  (n—m)2 (n+m)? (2n—-m)2  (2n+m)? on?
LI S S O IO
md  (n—m)®> (n+m)3> (2n—m)®  (2n+m)3 ond
LSS S S 1 N 1 +m_Dﬁ
mt (n—m)* (n+m)* (2n-m)*  (2n+m)* ont
I S S N SO i
md  (n—m)®> (n+m)> (2n—m)>  (2n+m)> ond
LIS S I S PR i
mé  (n—m)e  (n+m)°  (2n—m)®  (2n+m)° Cond

etc.,

where for the even powers all terms have the sign -+, for the odd powers on
the other hand the signs agree with the signs of the first series.

§8 Let the letters A, B, C, D, E denote the same values as above, and let this
series be propounded

A+ Bz + Cz% + DZ° + Ez* + etc,,

whose sum we found using the rule given in § 6. For, the sum of this series is

_ 4z
Zdz’
while it is
z z3 25 7 .
Z=1-7 - —etc. = 1— ~sinz.
1y+1-2-3y 1.2...5y+1_2”_7y etc ysmz

Since here y has to be put to be constant, it will be

—dzcosz

y

dz =



and therefore the sum of the propounded series

A+ Bz + Cz%> + Dz% + Ez* + etc.
will be

cosz
y—sinz’

Therefore, the sum of this series will be

ZC0sz

Az + Bz2 +CZ2 + Dz* + EZ®? +etc. = ==,
y—sinz

§9 Letz = % ; then this series will express the sum of all these series

14 p _ P _ p p
T n—m n+m 2n—m 2n+m +ete
2 2 2 2 2
r- p p p p
tat (n —m)?2 * (n+m)? * (2n —m)? + (2n +m)? +ete
+ Ii’ i - i - i il + etc
md (n—m)® (n+m)d (2n—m)> (2n+m)d '
But adding these series vertically one will find
p p p p p
— — tc.,
m—p+n—m—p n+m+p 2n—m+p 2n—|—m—p+ec

whose sum therefore is

s

7T COS —
LA
- 7
. Pt
ny — nsin —
Y n

or, because y is the sine of the arc ™%, one also finds the sum of this series to
be



s
p7TCcos —
n

. omm . pm
nsin — — nsin —
n n

Therefore, if one puts
m—p=a and m+p=»b,
so that it is

a+b and p:b;tz,

the sum of this series

1 1 1 1 1 1

a n—b_n+b_2n—a+2n—|—a+3n—b_3n+b_etc'
or of this

1 2b 2a 2b 2a 2b

-+ + etc.

a n2—b2  4n?2 — g2 9n2—b2_16n2—a2+25n2—b2_

will result as

b—a)r
B 7T COS o |
(btar  (b—an
nsin ——— —nsin ———
2n 2n

§10 But these considerations are too general and so it is difficult to un-
derstand everything what can actually derived from them. Therefore, let us
consider some special cases and let us put the sine y = 1; it will be m = 1 and
n = 2. Therefore, we obtain the following series



111 1 11 1 A
1 1 3 3 5 5 7 o2
1,1 1, 1, 1 1 1 _ Bn?
ettt tatatee=
1,1 1 1 1 1 1 _cr
R T R R e
1 1 1 1 1 1 1 _ Dntt
etc.
or these

PR R S S S 1

375 7 g &CT @

1 1 1 1 B2

1 1 1 1 _

1—3*3-}-5*3—%-}-9*3—6&—274,

1 1 1 1 _ Dnt

1+§+§+ﬁ+9—4+etc.—275,

1 1 1 1 _Em

1—3*54-5*5—%-1-9*5—8’&—7,

1 1 1 1 Fr®

1 1 1 1 G’

1—?-}-?—?4-&—6’&:278,

1 1 1 1 _ Hrd

etc.

But the values of the letters A, B, C, D etc. are found from the following
relations

10



b
I
-

A
B=2
1/
B 1
C=1 17
C A
D‘T_1-2'3’
D B 1
E_T_1-2-3+1-2-3-4’
E C A
F =1 123 12345
F D B 1
G_T_1.2-3+1.2-3'45_1'2 6’
G E C A
H_T_1.2-3+1-2-3-45_1-2 7
etc.,
whence one finds the following values
T 1 1 1
B = 1 N—Z—l—kl—kl—kl—kt
- 1 BT TmTR Ty
1 3 1 1 1
2 i 1 1 1
D= =14 4+ 4 et
123 25 ‘Tt tmtptete,

11



E= : f_l_l‘l‘l—l%—etc
N 1-2-3-4 26 - 35 55 75 o
b= = 56_1+l+l +l+etc
_1235 27 - 36 56 76 o
=T 5.3...¢ 8 737 Tz — tete
G 1.2.3...6 28 1 Y —|—57 = + etc.,
PR SRS T N R
_1237 29 - 38 58 78 o
=195 19_1_1+l—l+etc
_1238 210 - 39 59 79 o
_ 7936 0 11 1
K‘m '2T_1+@+5ﬁ+ﬂ+etc.,
B NS T G T
= 1-2.3...10 212 - 311 511 711 o
T 1.2.3...11 213 32 T2 T 712 .
N7, T S W U T
- 1-2-3-..12 214 313 " 513 713 -/
Coamewse M1 11
T 1.2.3...13 215~ "3l "5l " 74 :
etc.

§11 Here, the letters A, B, C etc. denote only the numerical coefficients of
the powers of 7t divided by the powers of two; even though the values can be
defined conveniently by using the given rule, one can nevertheless formulate
another rule, which seems to be even more appropriate for calculations. To do
so, I will consider the series

A+ Bz+Cz>+ Dz + Ez* + etc.,

whose sum, which I will denote by the letter s, by § 8 is

_ cosz
- 1-sinz
- because of y = 1. Therefore, if using this equation

12



COSs z

- 1—sinz
the value of s is expressed in the series as a power series in z, the assumed
series will have to result, namely

A+ Bz + Cz% + Dz° + etc.

For, one cannot assign another series of the same form, say

P+ Qz+ Rz? + 52° + etc,,

that is equal to that one we started from,

A + Bz + Cz?> + Dz° + etc,,

that at the same time the coefficients of the powers of z are identical and it is*

P=A, Q=B, R=C, S=D etc

But 12%Z on the other hand expresses the tangent of the arc (§ + 3), or it

1—sinz
s = tan E+E
N 4 2

will be

and hence by transforming this equation into
z + Z — arctans = / ds
42 ) 1+ss

and having taken differentials, because of the constant 7 or arc of 45 degrees,
one will have

or

dz + ssdz = 2ds.
Now let us put

*Euler basically that the identity theorem for power series here.

13



S = A+ Bz+ Cz? + Dz% + Ez* + etc;
it will be
2ds

E:zB +4C z+6D z2+8E zZ°+10F z* +etc.,

ss = A% +2ABz+2ACz> +2ADz% + 2AEZ* + etc,,
+B%? z?>+2BCZ%+2BDz*
+C

1 =41

Now having compared the homogeneous terms? the values of the letters one
will discover that the coefficients of the single powers of z vanish; and one
will obtain the following relations among the letters A, B, C, D,E etc., while,
as we just found, A = 1:

A =1,
A% +1
B = ,
2
2AB
=1
2
DZZAC+B ,
6
£ _ 2AD +2BC
- 24D +25C

3By this Euler means the coefficients of the same power z"

14



F__ZAE+ZBD+4?

10 ’
2AF +2BE +2CD
G — 7
12
H_zAG+ﬂ%+2CE+D2
N 14
etc.

Therefore, the same equations which followed from the formulas given in §10
will result for the letters A, B, C, D etc.

§12 Because the denominators of the fractions, to which the letters A, B, C,
D etc. were found to be equal, proceed regularly enough, it is possible to
derive a rule to find the numerators. To to so, let us put

A= Ferrias
B:% C=13345¢
C=1y H=
5
b=177% Iz1zém$
E=iaay K=i3379
etc.

and having substituted the values the rule will turn out to be:

an=1,

a? 41
ﬁ_ 2 /
,Y:[Xﬁl

15



) :zx'y—i—le,
e = uad+ 3By,

{ =ae+4B5 +397,

5-4
n = af + 5P¢ +1 275

6-5 6-5-4 62
9—0c11+6ﬁé'+1 e +1 3
7 - 7-6-5
1 = b+ 7Py +1 2’yé'+1 2‘358,
8.7 8.7-6 8-7-6-5 ¢
» = a+ 8B6 +1 zfys +1 2‘35§+71 3.4 2
etc.

The structure of these formulas is perspicuous; one only has to note, if the last
term is a square, this square has additionally to be divided by two.

§13 Now let us consider this series

Az + Bz?> + C® 4+ Dz* + EZ° + etc.,

whose sum is known to be

_Zcosz
"~ 1—sinz
and put
_ pT,
z = >
it will be
pr
prteos /& Ax Br? cm’ Dm
72771_ oWt W ZP Fete
2 —2sin —
2
or

16



prt
7TC057 _A7T pB7r2 PZCT(S p3D7T4
p7'[_272+ 23 + 24 + 25 + etc.
4—4Sin7

Therefore if the series from § 10 are substituted for the single terms, it will
result

pT[
iy +1 1 +1 1 + - —etc
pn'_ 3 5 7 9
4 —4sin —
2
p |4 P p
+P +37+§+ﬁ+¥+etc.

2 2 2 2

+p2—pf+pf—pf+p——etc.

33 5 73 9

3 3 3 3

R

etc.
But all these series added column by column give this one
1—1+1—1+1—etc
1-p 34p 5-p 74p 9-p '
whose sum therefore is

prt
7T COS >

. pT
4—4sin—
SIn 2

§14 It will be possible to derive many summable series of this kind from

the series given at the end of § 9. Let us put a = b = m and we will have this
series

2m B 2m + 2m B 2m + 2m B
n2—m2 4n?—m?  9m2—m2 16n?2—m?2  25n%2 —m?

etc.,

17



whose sum will be

T 1

Commom
nsmn —
n

- because of cos 0t = 1 and sin 07t = 0. Hence, if the series is divided by 2m,
one will find

1 1 1 1
— — etc.
n? —m2 4n2—m2+9n2—m2 16712—mz+25nz—m2 et
- T 1
- mrit me.
2mn sin —
n
Further, let us put a = —m and b = +b and it will be
mr
7T COS ” 1
omm m
nsin —
n
_ 2m + 2m n 2m n 2m n 2m 1+ et
S on2—m?2  4n?2—m? 9?2 —m?2  1en2 —m?  25n2 — m? '
Therefore, if it happens that cos T vanishes, the sum will be assignable
algebraically; for, it is = ﬁ, of course. But this happens, if it was 7} = 212i1 or

m = 2i+ 1 and n = 2, whence it will be

1 1 1 1 1
22112 4-(2i+172 16— (2i+172 36-(2+12 64— (2i+1)

5 + etc.

Therefore, the following paradoxical proposition arises that it is

LI ! + ! + ! +
4—p 16—p 36-—p 64—p 100—p T 2p

as often as p was an integer square and odd number.

18



§15 Letusputn =1and m? = p; it will be

1-p 4-p 9—-p 1l6—p 25-p © 2psinmyp 2p’
1 1 1 1 1 1 m/pcosm\/p

tc.= — — - YIP7T V.
T—p d—pt 9-p 16—p B-p T2 2psinmyp

if these series are added, it follows that it will be

1 1 1 T i
L1 4 et — p V?r51n /P
1-p —-p 25-p 4psin,/p
but if the same series are subtracted from each other, it will be
1 1 1 1 T 1
+ + +etc. = — — VP —,FCOSN\/?).
4—p 1l6—p 36-—7p 2p 4psinr,/p
But it is
i 1
ver‘sm /P ~ tan TP und +. cos 11, /p ot T p,
sin7t,/p 2 sin7t,/p 2

whence the last sums are simplified.

§16 Therefore, we are able to sum the following series

1 " 1 i 1 n 1

1-p 4-p 9-p 16—p
if p denotes a positive number, of course. But if a negative number is substitu-
ted for p, say —¢, then so the sine and the cosine as the arcs 7,/p or 7\/—¢q
become imaginary quantities. But because the sums of the series nevertheless
are real and finite, the imaginary quantities cancel each other. Therefore, it
will be convenient to investigate, real quantities of which kind are contained
in these forms

+ etc.,

Ve g TV
sin 7t\/—¢q tan 7t\/—q

Therefore, let us put

19



sin7t\/—¢q

and it will be

sin7t\/—q = UiV ”u_q und 7\/—q = arcsin T Vu_q"
now take the differentials with respect to the variables v and u; one will find

udmn — mdu
uy/uu + g

Put u = 7tv; and hence this equation will result

dr —dv Llog—\/ﬁ—'— ‘q—H)v'

and =

- v./q + vv Va cv

Therefore, it will be

dmr =

2e™Ac, /q
7-[\/? = = ——
e"VPeo = \/g++/q+vo and v Iy
and
_ 2me™ic\/q
YT o 1

But the constant c has to be taken in such a way that for 77 = 0 u becomes = 1,
whence it is ¢ = 1. Therefore, in total it will be

=4 _ 2e™VAT, /g
sinty/—q VI -1"

In like manner it will be

n/=q _m
tanmty/—q 0’

further, it will be

ny—v =tanm\/—q und 7m,/—g = arctanv,/—q

and by differentiating

20



do

dm = 1= qoo

Now integrate again; it will be

1 1+v\f 5
= and &V — 2™V, /g =1+ v./3,

whence it follows

eZn\/ﬁ_l
= (eZHﬂ_i_l)\/q

and

=4 (62”\/7+1)7T\ﬁ
tanty/—q  VI—-1

§17 Hence we obtained the following eight series, whose sums can be assi-
gned, which we want to list up altogether:

1 _ 1 n 1 _ 1 n 1 et _ﬂi\/ﬁ_i
1—p 4-p " 9—p 16—p 25-p O 2psinmyp 2p’
1 1 1 1 1 1 T/p
1—p+4—p+9—p+16—p+25—p +etc.—2p 2ptan7t,/p’
1 1 1 1 1 7T
5o T e T +etc.:\/z ,
4pcot—ﬁ
2
1 1 1 1 1 1
+ + + + tetc. = - —
4 — 16 — 36 — 64 — 100 — 2
p p p p p p 4ptan7t\r
/4
1+q 4+q 94+q 16+q 2549 29 (eP™Vi-1)g

21



1 1 1 1 1 (VIi+)myg 1

te. = S—
T+q 2+q " 9+q "16+q Brg T p@wi_ng 2
1 1 1 1 1 (Vi1 —1)m\/q
te. = ,
T1q 9+q "Brqg Brq 8iq T ity
ﬂﬂ 1 1
! ! ! ! ! +etc. = (VT + )n\/ﬁ_i

1591659 " 36+1q 6diq 1004 g 4™V -1)q 29

§18 After I exhibited the rule above, how the sums of the powers of all terms
of this series

1—1+1—1+1—etc
3 5 79 '

proceed, I will now investigate the rule connecting only the odd powers, that
these sums, even not knowing the sums of the even ones, can be continued
arbitrarily far; therefore, let it be

1—% +% —; +é —etc. = Am,
1—31—3—1—51—3—%—1—91—3—etc.:B7r3,
1—?’1—5—1—51*5—%—1—91—5—&0:&15,
1—%+%—%+%—etc.:Dn7,
1 1_+l, 1+J¥—dQ:En9

3T P
etc.

and it is to be investigated, how the coefficients A, B, C, D etc. proceed. For
this aim, I will consider this series

Az + Bz + CrP2® + D27 + etc.,

22



whose sum I set to be = s; therefore, having multiplied these series by the
corresponding powers of z respectively, it will be

_ .z 3z n 5z B 7z
1—2zz 9—2zz 25—2zz 49—2zz

S + etc.

and

25 1 1 1 1 1

= — — — etc.
z 1—z+1+z 3—-z 3+z+5—z+5+z e
But because from § 9 it is
(b—a)m
mTeos ——
C(b+a)m C(b—a)m
nsin ——— — nsin
2n 2
1 1 1 1 1 1
= -+ etc.,

a n—b_n+b_2n—a+2n+a+3n—b_3n+b_
let

a=1—-z, n=2 and b=1-z

and this series will become that one; hence this equation follows

2s T Tz

—=———— and s=—+——

Z g (1—-2z)m L (1-2z)m

Sln? SIH#

or
iv4

s— Z . T )
A Tz . 272 izt 71026 . ’
s> Ty »t123.4.2 1234562 °¢

because this fraction, if it the numerator is actually divided by the denominator,
has to reproduce the assumed series

Anz + Brlz® + CrP2% + etc.,

it will be

23



1
A=-,
4
A
B =—
2.4’
B A
C=231 216%
C B A
D = — ,
2-4 2-4-6-8+2-4-6-8-10-12
- D B C " B B A
24 2.4-6-8 2-4-6-8-10-12 2-4-6---16
etc.
§19 Or if one puts
Ll 1 A
3 75 7T v
1 1 1 B3
1—¥+§—%+etcz?,
1 1 1 Ccrm®
1_¥+$_%+et(::7,
1 1 1 D’
1—?+?—?+et0:?
etc.,

the coefficients A, B, C will be related to each other as follows:
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A=1,

A
B=_"_

1.2

B A
C_yz_y234’

C B A
D_LZ_LZ34+LZMG
E__D__ C N B A

1.2 1-2.-3.4 1-2.---6 1-2..-8

etc.

But therefore, if those series are continued backwards that one reaches positive
powers, the sums of all those sums will be = 0, so that, even if we proceed
further in these formulas, no other values would result. Of course, it is

1-3 45 -7 +9 —etc. =0,
1-3345 -7 4+9 —etc. =0,
1-3"45 —7°+9 —etc. =0,
1-3"4+5"—7"4+9 —etc. =0

etc.
§20 But as the sums of the odd powers follow a certain rule, so also the even
powers will enjoy a similar property, that they can all be defined not taking

into account the odd powers. In order to find this rule, we will use a similar
operation. Hence let be

25



1+%+é+%+%+ete.:An2,

1+%+%+%+%+etc.zBﬂ4,

1+%+%+%+%+etc.:Cn6,

1+%+%+%+%+eto.:Dng
etc.

and investigate the sum of this series

Am?z% + Btz + Cr2% + D28 + ete. = s;
it will be

ZZ ZZ ZZ 2

12Ty 2T s 2T 2
whence it will be from § 17

S + etc.,

nz
S =
oot
cot —-
or by a series
m2z2 izt 7628
- — etc.

. 1.2 12325 123452 ¢
B n?z? izt aral ’
1 + etc.

N 1.2.22+ 1.2.3-4.24 1.2.3.4-5.6-26
because the assumed series itself has to result from this division, it will be
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B A 1

C:2-4_2-4-6-8Jr2-4-6-8-10-4’

p_ ¢ __ B 1 B 1

2.4 2-4-6-8 2-4-6---12 2-4---14-4
etc.

§21 But this rule is seen easier, if one puts

1,1 1 1 2
1+ 3 + 52 + 72 + 9 + etc. = A—23,
1 1 1 1 ot
1+¥+§+ﬁ+¥+etC—Bf,
1 1,1 1 ot
1+¥+§+%+¥+etc._Cf,
1 1,1 1 o
1—1-*38+f58+f78+f98+etc.—D—29

etc.

For, here the coefficients A, B, C etc. will lead to the following progression:

A=1,

A
B=_"

1.2

B A 1
C_1-2_1-2-3-4+1-2-3-4-5’
D_C_ B N A 1
~ 1.2 1-2-3.4 1.2.3.4.5.6 1-2---7

etc.

Therefore, if one assumes this power series for s

s = Az + Bz® + Cz° + DZ” + EZ° + etc.,
it will be
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3 5 7

Z z
— — tc.
s 123 1.2.3.4.5 1.2...7 °¢
N ZZ Z4 Z6
1— + etc.

1271234 1.2.3-6
and hence

s =tanz oder z = arctans.
We will therefore have
ds

- 1+ ss
since this equations have to be solved by s

dz and dz + ssdz = ds;

s = Az + Bz® + Cz° + DZ” + EZ° + etc.,

substitute the values for ds and ss and it will be

g = A+3Bz>+5C z*+7D z°+9E 28 +etc,

ss = + A%22 +2ABz* +2ACz% + 2ADZ8 + etc,,
+B* z°+2BCZ°

1 =1

Therefore, having set up the equations the following other determinations of
the letters A, B, C, D etc. will result:

A=1,
AZ

B =",
3
2AB

C=——
5
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2A B2
p_ 24c+58”

7 Va
E__ZAI)+ZBC
=
p _ 2AE+2BD +C
- 11
etc.

§22 But the sums of the series contained in this general form
1 1 1
37 + 47 + 57 + etc.,
while n denotes an even number, depend on the series of the even powers.
For, if it was

1
L+ o+

1 1 1 1
1+37+57+%+97+etC.:N7Tn,

it will be

LIRS SRV SIS

2n - 3n o 4n 0 50 2n—1’
whence the sums of all these series, as long n is an even number, can be found
by the quadrature of the circle; and additionally one will find the sums of the
series of the odd powers from the sums of the same powers already found.
But in order to find these sums directly, let us investigate how these sums

proceed. Therefore, let

11 1,1
1+?+?+E+?+W:Aﬁ

1 1 1 1
1+?+§+E+§+m;3ﬁ

1 1 1 1 6
1+%+¥+E+§+etc:&r,

1, 1,1, 1
1+ﬁ+ﬁ+ﬁ+§+m;Dﬁ
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etc.

and I will consider this series

s = At?z? + Bzt + Cn®28 + D828 + Ent0210 4 etc,,
which having substituted the series for A7?, Brt*, Crt® ete. which these letters
denoted and having added the homologous terms this equation will result

zZ ZZ ZZ ZZ zZ

S:1—zz+4—zz+9—zz+16—zz+25—zz+etc"'
which series summed by § 17 gives
1 z
2 2tannmz
or, if the tangent of the arc 7z is expressed by a series,
222 izt 71020
1-— — tc.
11 12 1234 1.2.3.45.6
2 2 . 222 P 7676
12312345 1.2...7"°%¢
2z? 2mtzA 37020 47878
_ 123 12345 127 129
m2z? izt 7020 828 ’
1 — etc.

123712345 1277129
because having expanded this expression it has give the assumed series itself

Am?Z% + Bri*z* + Cr®2% + DBz + etc,,

these equations for the coefficients will follow:

1
A==
6/
B _ A 2 ,
1-2-3 1-2-3-4-5
B A 3
C_1-2-3_1-2-3-4 5127
. c B N A 4
' 1.2-3 1-2:3-4.5 1.2.--7 1-2---9
etc
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§23 But it is possible to exhibit another rule expressing how these same
coefficients proceed and by means of this rule it will also be possible to find
those coefficients a lot easier. Because it is

1 nz

§ =~ — ,
2 2tan7niz

it will be

iz and 7z = arctan z
1—2s - 1—2s

Now put 7tz = u; it will be

tan 7tz =

u
u = arctan
1-—2s

and by differentiating

B du — 2sdu + 2uds

du = 1—4s+4ss+uu

or

uudu + 4ssdu = 2sdu + 2uds,

which equation is solved by this value

s = Au® + Bu* + Cu® + Du® + Eu' + etc.,

having substituted this value it will be

Uy = uu,
4ss = + 4A%u* + 8ABu® + 8ACu® + 8ADu'® + SAEu'? 4 etc.,
+4B? u® +8BC u' + 8BDu'?
4+ 4C2 12
2s =2Au?+2B u*+2C u®+2D u¥+2E u'®+2F u?+ etc.,
2uds

o= 4Au% + 8B u* +12C u® + 16D u® + 20E 10 + 24F u'? + etc.,

whence the following equations result:
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6/
2A2
B ="—,
5
4AB
C =",
7
2
b_ 4AC + 2B /
9
£ 4AD +4BC
- 11 !
4AE + 4BD + 2C?
F = ,
13
4AF + 4BE +4CD
G = ,
15
A 4AG + 4BF + 4CE + 2D?
o 17

etc.

§24 But the sums of the series of this kind, as far I gave them, are the
following:
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1ht v Ll =2 1p
22 132 42 5 "T1.2.3 2%
NI S S S 2 1
24 3 44 5 "T1.2.3.4.5 6
T S
26 736 Tg46 "5 THCT 176
140 o +n o et 27 3
28 38 43 58 ec'_1.2...9 107’
RN S S G P
210 310 " 410 T 50 " T 1511 6
1+i+i+i+i+etc—2711 01 o
212 312 412 512 '_1,2.__13 210 ’
1 1 ]_ 1 . 213 35 14
Momtamtmt e tee T s
T4 e b Loy b et = 27 017 6
216~ 316 © 416 * 5l6 T 1.2...17 30 ’
17
pe L Lo 2T 43867 g
218 ' 318 T 418 T 58 1219 42
g Lo 20 1202277y
220 7 320 ' 420 ' 520 T 1.2...21 110 ’
1+i+i+i+i+etc _ 221 8545137_[22
222 322 422 522 T 1-2...23 6 ’
p by 28 1181820455,
224 324 424 524 T 1.2...25 546 .

In these expressions only the rule how to form the factions in the middle is
not manifest, how to form the remaining parts on the other hand is clear. But
after I had considered these fractions in the middle

1 1 1 3

2/ 6/ 6/ E/ 8 etC.
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with more attention, I discovered that the same fractions occur in the general
formula expressing the sum of any series from its general term, so that by
means of the one expression the other can be constructed.

§25 Therefore, it will be worth the effort to investigate this agreement of these
rather different-looking expressions with more attention. The one expression I
gave for the summation of series can be explained follows: If the general term
of any series or that term corresponding to indefinite numerical index x was

= X and the sum of the series from the first term to this term X is put = S, it
will be

5= / Xdx+ > X - X
- 1-2 1-2-3-2dx 1-2-3-4-5-6dx3
N X B ¢
1-2-3-4-5-6-7-6dx> 1-2-3---9.6dx7
N 5d°X B 691411 X
1-2---11dx? 1-2---13-210dx11
35413 X B 3617d415X
1-2---15-2dx13 1-2---17 - 30dx15
43867417 X B 122227749 X
1-2---19-42dx17 1-2---21-110dx19
854513421 X B 1181820455423 X
1-2---23-6dx21 1-2---25-546dx23
etc.,

in which expression it is apparently the same irregular fractions occur

1 1 1 3 5

27 6" 6 100 6
which occurred in the expression of the sums before, only with this difference
that their signs alternate here, whereas there all had the same sign +. And
this agreement allowed me to continue this general expression of the sum S
up to the point I gave them here, whereas by the rule I had found at that time
for the progression of these terms, I could do this only by a huge amount of
work.

etc,,
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§26 But even though this mere observation of this extraordinary agreement
could suffice to show the agreement in the following terms, which are not
known, it will nevertheless be better to actually prove it from the a general
principle; hence then it is understood not to happen by chance but necessarily.
But I obtained this last expression in the following way. Because S denotes the
sum of so many terms in any series, as unities are contained in the exponent
x, and the last of these terms is = X, it is manifest, if in the expression for S
one puts x — 1 instead of x, that then the same sum S without that last term
X, or § — X, has to result. But having put x — 1 instead of x the quantity S
will become

g ds dis s d's
1-2-3-4dx*

— — etc.
ldx " 1-2dx2  1-2-3dx ere

which is therefore equal to S — X; hence one has this equation

_ds  ddS n d3s _ d*s
Cldx  1-2dx2 0 1-2-3dx®  1-2-3-4dx*
Now to express this representation of S in terms of X, I assume this equation

+ etc.

B BAX yddX  6dPX
S_/de—HXX—'— dx + dx? dx3

having substituted this equation in the one above one will find

+ etc,;

adX padX Yd3X sd*X
X=X X e
+ I + P + e + I + etc
~dX  wddX _ Bd®X - yd*X
1-2dx 1-2dx2 1-2dx3 1-2dx4
N ddX n ad®X Ba*x
1-2-3dx?2  1-2-3dx3 1-2-3dx?
B a*x B ad*X
1-2-3-4dx3 1-2-3-4dx*
a*x

+1-2~3'4-5dx4
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§27 From this equality the following determinations of the coefficients a, 5,
7, 6 etc. are derived

po L
1.2
o 1
ﬁ_ﬁ_1-2-3’
_ B 1
T=12 123 1232
Y B o B 1
5_1-2 1-2-3+1-2-3-4 1-2---5’
o 0% B o 1
£T 12 1-2~3+1-2-3-4 1-2---5+1-2---6
etc.

and from these formulas I then calculated the values of these letters, investing
a lot of work. And only by observation alone, it happened in this paper,
I recognized that all the second values 7, ¢, 7 vanish. But from principles
formulated this can now be proved rigorously, if another rule is found for this
progression. To do so, I will consider this series

s=1+az+ Bz +72° + 0z* + ez’ + etc.

and the preceding rule for the coefficients gives

s 1
Lz 7z z3 z4 . ’
"127123 1234 12345 °°
which equation becomes
— or s= ez
1 —e2 et —1
Hence it arises
¢s—a=¢z and = — and alsoz = logs — log(s — z).

But by differentiating the last equation one will find
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_@_ds—dz
s s—z

dz

or

ssdz — szdz = sdz — zds,

which equation has to be solved by the assumed value

s =14 az+ Bz + 2> +0z* + 2’ +etc,;

therefore, substitute this value in this equation

zds
—— —8—sz+s5=0
dz
and one will obtain
zds 2 3 4 5
5 = +a z+4+2Bz°+3y z7+46 z°+5e z° +etc,
—s =—1l+az-pz22—q9 22-6 z*—¢ 2—etc,
—sz2= - z—azP-B -7 z*-06 2"—etc,

+s* =1 +2az+2B2%+2y 22+26 z* +2e 2° +etc
+a®  +2af +2ay +2ad

+ B> 2By

Therefore, one can conclude that it will be

L1
2/
2
x—u
IB_ 3 /
_ B—2ap
,)/_ 4 7
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o 6 —2ud — 2By

6 4
e —2xe —2B6 — vy
[ = = :
¢ —2al —2Pe — 270
n= 3
etc.

§28 Because itis a = %, it will be 1 — 2a = 0; because this value occurs in all
following terms, it will be

w= L
=3
1
=1
Y=0,
pE
6 =——,
5
_ 2B
6 7
—2B5 —
7= 57 7
—2Be — 296
7]: ‘68 4
—2BL —2ve — 60
0 = ,
9
, — —2Bn —2yC — 20¢
N 10
etc.

Because now it is v = 0, it is evident that it also is ¢ = 0 and hence further
7 = 0,1 = 0 etc. so that all remaining second terms, beginning from vy are = 0,
what evident clear from the preceding rule only by observation, but is now
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proved to happen necessarily. Hence, while it still is & = 1, we will find the
following equations:

=1
ﬁz
6 — T =
5
286
é _%/
2BC — 260
0 = 2 ——,
9
_ —2B6 —26C
ST
etc.
Therefore, if one puts
A B C D

E
ﬁ:EI 5:_273/ €:275/ _9:_?, %:? etC.,
so that

X, AdX BPX  CPX DX  EFX  Fd'X
2 2dx  23dx3  25dx5  27dx7  29dx® 2llgxll

the coefficients A, B, C, D will give this rule

S = / Xdx = + etc.,

1
A==

6/

2A2
B =

5/

4AB
C=-""

4AC +2B2
p = 4c 28
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¢ _ 4AD +4BC

11 ’
p _ 4AE+4BD +2C2
B 13 ’
4AF +4BE +4CD
G =
15
etc.

So the letters A, B, C, D etc. obtain the values which we attributed to them
above in § 22 and 23. And hence we now proved the agreement of the
coefficients completely rigorously and hence the agreement cannot be ascribed
to chance anymore.

§29 Although we can assign the sum of this series

T4 b L D e

2m 0 3n 4 5
conveniently enough, if n is an even number, we are nevertheless not able
to conclude anything from these same principles to find the sums, if n is an
odd number. It is natural to conjecture that these series also depend on the
quadrature of the circle in such a way and that their sum is = N7t" also in the
cases, in which 7 is an odd number; but if we actually calculate these sums by
approximations, we will see that the coefficient N does not become a rational
number, if 7 is not an even number, what will be seen more clearly from this
table:

1 1 T2
1+ —= + — .= 1,644934067 = —
+22+ + etc , 64493406 =

32
1+ L ete = 1,202056003 = —
2» T T L 26,79435’
1 1 us
14— 4~ +ete. — 1,082323234 — =
_|_24_|_34—|—etc ,08232323 90’
11 °
14 = + = +etc. = 1,036927755 = ~—— -,
tos g et 295,1215
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1 1 770

14 o5 + 5 +ete. = 1,017343062 = [,

1+ % + % +ete. = 1,008349277 = 2997;;85,
14 % + 3l8 +ete. = 1,004077356 = 97;;),

14 2% + 3% +ete. = 1,002008393 = 297;{;35,
14 % + ;TO +ete. = 1,000994575 = 9;51;5,
14 % + 3% +ete. = 1,000494189 = 29401518,7,
14 % + 3% +ete. = 1,000246087 = 9240;544.

691

And furthermore no relation among the sums of the odd powers similar to
that seen in the case of the even powers is detected.

§30 But it seems that it is possible to conclude something about the sums of
the odd powers if the signs alternate. Because the first sum of the odd powers,

1—1—|—1—1+1—etc
2 3 4 5 7

has a known sum, of course log?2, it seems to be very probable that also the
sums of the following odd powers depend on the logarithm of two and maybe
furthermore on the quadrature of the circle. But before we conclude anything
here, let us investigate the sums of the even powers and let it be

1 1 1 5
1—- ?%— 3~ 4—2~|—etc.:A7r,
1 1 1 4
1—?—’_ 37—47—{-8’(0:871,
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1 1 1

_ 6

1-— ¥+ 3% 4—6—|—etc.—C7T,
1 1 1 8

1-— ?4— 3® 4—8+etc.:D7r,
1 1

+ +etc. = Ex'?

1= 2030~ 40

etc.,

where the values of the letters A, B, C, D etc. can be deduced easily from

the known values for the same series, in which the sings of the terms do not

alternate; but it will be more convenient to find an own rule for this case.
Therefore, I will consider the following series

s = Am?z? + Brr*zt + Cn%28 + DnB28 +etc,,
which having substituted the series will become this one
2z 2z b4 b4

T 1-zz _4—zz+9—zz 16—z
which series summed by § 17 will give

S

+ etc.,
z

Tz 1

s = —
2sinytz 2
or having expressed the sine by its power series

—
BN =

s$=—=-++
2 1272 Tz

i3t 12335 12
If now in the series of letters A, B, C, D, E etc. the preceding term or the one
before the first A is put = A, it will be

71020

tc.
7+ec

1
A==

2/

A 1
A_LZ3_H’
B — A A
1.2-3 1-2-3-4-5’
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c_ B A LA

- 1-2-3 1-2-3-4-5 1.2 7’

. C B LA A

- 1-2-3 1-2-3-4-5 1.2 7 1-2---9
etc.

But the value of A was not merely assumed to be 1, but indeed expresses the
sum of the preceding series, which is

1

E/

the sums of all remaining series on the other hand, which precede this one,
are = 0, of course

1-14+41—-14+1—-1+etc. = A" =

1-224+3%2—4% tetc. =0,
1-244+3% 4% 4 etc. =0,
1—20430—4% 4y etc. =0

etc.

§31 Therefore, it follows that the sum of any series can be deduced from the
preceding ones in this way: If it was

1 1 o
1-— 27 + 37 - Z +etc. =amr,
1 1 1 )
1 s s~ guoa Tete g,
1 1 1 4
1 on—4 Jn—4 4qn—4 +etc. = ,),7.(11 ’
1 1 1
1 — fetc. = om0

it will be
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_ B Y R ¢
T 1.2.3 1.2.3.4.5+1.2...7 1.2...9+1.2...9 ete.

114

So to find the sum of this series

1 1 1 1 1
TPt TptE e
one will have all series, which precede it according to this rule; these series

are

1 + etc.,

1 1 1 3
1—?+§—E+etC:BT[,
1 1 1
1—5 ‘|‘§ —1 -|-etC.:A7'L',
o
1-2 +3 —4 +etc.=—,
7T
1-238 +33—43+etc.:£3,
s
1—25+35—45+etc.:l5
T
etc.,
and it will be
A « B gt

B + etc.

=123 12345 1.2..7 1.2.--9
But the sums of all these series can be exhibited; for, it is
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1 1 1
1—5 +§—1 +etC.—lOg2,
1 2-1 1 1
1—2 +3 _4 —l—etC.: 1 == ? (1+32+52+etc),
-1 -2.1-2-3 1 1
3 3 3 _ _
1—2 +3 —4 +etC.— ? = 7_[4 (1“1‘344_544_etc),
1 2-1-2-3-4-5 1 1
5 5 5 _ _
1—-224+3—4+4etc. = 1= pury (1—1—36—1—56—1—etc.>,
—-17 2.1.2...7 1 1
7 7 7 _ _
1—-2"4+3 —4" +etc. = 6 = p= (1—1—38—1—58—1—etc.>
etc.
And therefore it will be
A:logZ,
7T
n = 21 1_’_7 SR + et
- T 52 T TG
-2.1-2- 3 1
ﬁ: 1+*+5*4 +ﬁ + etc.
2 1-2-3-4. 5< 1 )
1—1—— + = _‘_7 + etc.
56
—2 1-2-..7 1 1
o = 14_7_'_7 +f+etc
58
2 1-2-
€ 1Jr310 510 710+etC
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§32 But we exhibited the sums of even powers of the fractions, whose
denominators are odd numbers, above. Let

1—1—31—2—1—51—2—1—%—1—etc.:P7r2,
1+%+51—4+%+etc.:Q7r4,
1+%+51—6+%+etc.:1{716,
1+%+€;+%+ao:sﬁ

etc.:

by § 21 it will be

Pr® + Qmt* + Ri® + Sm® + ete. = gtan g

But the letters a, B, v, 6 will obtain the following values

N = i P7T2,
7T
—2.1-2-3 .
,B_ T QT[/
2.1.-2.3.4.
7T
521234567
s
etc.

Therefore, using the rule for their progression, if we put



1 1 1 1 1

1—= 4+~ —= 4+ - — 2 tetc.= A =log?2,
2+3 4+5 6—|—ec 7T og
1 1 1 1

= s 5 5 &

1 1 1 1

+ etc. = B7'c3,

1
+ etc. = C7r5,

l"sts 55 &
1 1 1 1 1 ;
etc.,

we will be able to determine these coefficients A, B, C, D etc. in such a way
that it is

o

+

2 (Pr? N Qmt +R7‘[6 S8 © ete
2:3 4.5 6-7 8-9 '

A 2( pPm N Q N R Lot
~ 123 m\2:3-45 4567 6789 )
co- B A 2P Q | R
~123 12345 7\23--7 459 6711 )
C B A 2 Pr? Q
P=13 3_1-2-3-4-5+1-2---7_n<23 94 5.1 tee

etc.

§33 But before we conclude anything from this, let us show that the rule
found here is indeed correct and gives the true values in an example. So let us
take the first formula, and because it is A = 10%2, one will have this equation.

log2 Pn?> Qnt +R7‘L'6 N Srd ©ete
2 2.3 4.5 6:7 89 '

By approximating the true values it is
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log?2 = 0,693147181,
Pr? = 1,233700550,
Qm* = 1,014678032,
R7® = 1,001447077,
Sm® =1,000155179,
Tr'% = 1,000017041,
Vr'? = 1,000001886,
W't = 1,000000209,
X% = 1,000000023,
Y7r'® = 1,000000003

etc.
At first let us find the integral part of Pr?, Qrt* etc.; we will have

1 1 1 1

2-3+4-5+6-7+8-9+etc"

the sum of which series is known, of course it is

=1—-1log2 or 0,306852819;

now let us take the remainders of the same terms, which divided by the
respective denominators will give

0,038950092
0,000733902
34454

2155

155

12

1

0,039720771;



add 1 —log2

0,306852819

0,346573590.

But on the other hand

log2

=0,346573590.

whence the equality is clearly seen.

§34 Therefore, because now the truth of the proposition asserted in § 32 is
demonstrated, we found a rule, how the sums of the series
1 1 1
1-— 27 -+ 37 - 47 + etc.,
while n denotes any odd number, proceed. But since we only know by obser-
vation that it is

log2_P7T2+Q7T4+R7Té+S7'c8+etC
2 2.3 4.5 6-7 8-9 '

or
1(1 +l L +l ! +etc.>
3 32 52 72 92
+ 1(1 TRE T UL +etc.>
10 34 54 74 94
log2 = ¢ + 1(1 —|—l —|—1 —|—1 +1 +etc.>
21 36 56 76 96
+ 1(1 PR +etc.>
36 38 58 78 98
1 1 1 1 1
+ 55( +3T0 +5TO +ﬁ +9T0 —|—etc.>

etc.

it will be worth one’s while, to find a prove of this statement. Therefore, let us
put
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—Pﬂ2+Q7T4+R7T6+S7T8—|—etC
2.3 4.5 6-7 8-9 ’

and consider the following transformations

S

dns  Pr? N Qmt N Rt® + ete
dmr 2 4 6 7
dd.mts

Pr® + Qnt* + Rn® + ete.

2

Because this last series, if it is multiplied by 7, has the sum 7 tan 7, which
expression is true, even if 77 is a variable quantity, as we assumed here, it will
hence be

d 2
dd.its = % tan%

and therefore
dr T
d.;ts = vy /dﬂtanz

and finally

1 T
s = E/dn/dntanz,

and the root of this equation is easily found; for, it is

log2
o

§35 Now first let us consider this formula

T
drttan —,
/7ran2

which becomes this one
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but having substituted this integral we will have

s = -1 [dn log cos —
o R
To integrate this formula I put
tan T t;
2 - by
it will be
cos & = !
2 1+t
and
—logcos— log V1 + tt flog(l + tt)
and
dn_dt
2 14t
hence it will be
1 dt
s=o7 ] Tru log(1 + tt),
and therefore the question was reduced the solution of the integral [ %

using such a constant that the integral vanishes for t = 0; having done so one
has to substitute t = tan 7 again and because 7 = to an arc of 90°, it will be
t = oo. But this formula, because it is

log(1+tt) = i + & + £ + a + etc
& TAttt 2004 t)r TB(I )P A +t)E
is reduced to this one
dt
log(1
/1+tt og(1+1t)
/ ttdt 1 tAdt todt 1 / todt
— _ —— + etc.
(1+t)2 " 2) (1+t)3 3 (T+tt)4 (14 t£)°

51



But by means of the reduction of integral formulas# it is in general

1 t)m+tl  2m(1 + tt)m t om (1+tt)m

Therefore, because it is

/ th _t2m71 2m—1 t2m72
(

it will be
/ tdt 1 7 1t
(1+t)2 2 2 2 1+t
/ tdt 1.3 w7 1.3 t 1 £
(14+t)3 2.4 2 2.4 1+t 4 (1+1t)?

/ tdt  1-3-5 m 1-3:5 ¢t 1-5 £l r
(1+t)* 246 2 2:4-6 1+t 4-6 (1+t)2 6 (1+tt)%
/ t¢¢ 1.3.5-7 m 1.3.5-.7 't 1-5.7 £

(1+t)> 2-4-6-8 2 2:4-6-8 1+t 4-6-8 (1+t)?
1.7 £ t7
6:8 (1+t)3 8 (1+t)¥
/tlodt_1357-9n_13579 t 1-5-7-9 £
(14+t)6 2.-4.6-8-10 2 2:4-6-8-10 1+t 4-6-8-10 (14 tt)?
179 £ 19 1 t°
6-8-10 (1+tt)3 8-10 (1+t)* 10 (1+¢H)°
etc.

Form these substitutions it will result

dt
/ T log(1 + tt)

1 1-3 1-3-5 1-3-5-7 1-3-5-7-9
2‘1+2 + + + + etc.

N[N

4.2 2.4.6-3 2-4-6-8-4 2-4-6-8-10-5

4By this Euler means integration by parts.
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B t 1 n 1-3 n 1-3-5 n 1-3-5-7 1+ et
1+#\2-1 242 2-4.6-3 2-4-6-8-4 ’

£ oo 4 27 579
27 6.3 6 ‘

C4(1+ )2 84 ' 6-8-10-5

B 1.7 79 791
6(1+tt)3\ 3" 8-4 ' 8.10-5  8-10-12-6 '

7 1,9 9om 91113 o
8(1+tt)4\ 4 ' 10-5  10-12-6  10-12-14-7 '

etc.

§36 First let the sum of the following sum be in question

1 n 1-3 n 1-3-5 n 1-3-5-7 + et
2.1 2-4-2 2-4.6-3 2-4-6-8-4 '

and let us put

S_x+mﬂgﬁw+m&m+m
21 242 2.4-6-3 2-4-6-8-4 v
it will be
s—/dx—lo X
xv1—x &%

as it will be seen by actual expansion. But it is

/x\/% =c—log(l+v1—x)+log(l—+v1—x)
and hence
s=c—log(l4+v1—x)+log(l—+v1—x)—logx,

where the constant ¢ has to be defined in such a way that for x = 0 s becomes
= 0. So let x become infinitely small; it will be

X
T—x=1-2
X 2
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and

log(l-V1—x) = log% = logx —log2
and

log(1+ v1—x) =1log2,
whence ¢ = 2log2. Now put x = 1; it will be s = 2log 2 and

1 n 1-3 L 1-3-5 n 1-3-5-7 g 2 loe 2
etc. = 2log2.
21242 2463 24684 8
But using this series the sum of the remaining series are determined in such a

way that it is

L A A R R S T
27 63" 684 ' 68105 T 13 & 1-3-2/
1,7, 79 7901 . 246 . 246 6
37 8.4 8.10.5 @ 8-10-12-6 T 135 & 1-3.5.2 5.2/
1,9 9m , 9113 - 2468, . 2468 6-8 8
47105 10126 "10-12-.14-7 "¢ T135.7 %" 135.7.2 5.7.2 7.3
etc.
Having substituted these sums it will arise
dt
log(1 + tt
/1—|—tt og(1+1t)
T log2— L 210e2
— 008 1+t 5
I 2 1
Z 2log2—
(1+tt)2< 3“8 3 1)
I 2.4 4 1
— 2log?2 — —
1+t3\ 3.5 -8 3.5-1 5'2>

54



§37 But because for our purpose after the integration one has to put t = oo,
it will be

dt
/mlog(l%—tt) = mlog?2
and

1 dt log?2

which is that value itself we saw to have to result (§ 34). For, the remaining
terms in the expression we found for

dt
/ T log(1 + tt),

if one puts t = oo, all vanish, because in the single denominators of the single
terms t has more dimensions than in the numerators and in addition to that
the coefficients decrease. For, if this would not happen, we could conclude
that the sum of all terms, which all vanish, is = 0. For, if for example one
takes only the first parts of the numerical coefficients, that this series results

t 21 24P 246t
T 2T 5T 4
14+t 3(1+t)> 3-5(1+t)° 3-5-7(1++tt)
then its sum becomes finite in the case t = co and = 7, even though the single
terms vanish; but in the case of integer coefficients and the hence resulting

rapidly converging series the whole series would also become = 0.

+ etc.,

§38 Now let us find the sum of this series

1 1

which sum by § 32 will be

1
+ etc. = B7'c3,

! ¥ P
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2 2 4 6

3 m-log2 2 Pr Qm Rm
pu— _— t' .

b =953 27 (2-3-4-5+4-5-6-7+6-7-8-9+ec

To find the value of this quantity let

o P N Qmt N Rt ©etes
-~ 2.3-4-5 4-5-6:7 6-7-8-9 7
it will be
dmds  Prt N Qm® N R + ete
dm  2-3-4 4.5-6 6-7-8 v
dd.7’s  Prd N Qmd N R’/ +ete
dm?2 2.3 4.5 6-7 7
s Pr? N Qmt N Rt ©ete
dmd 2 4 6 v
d*. s 3 5 1. n
—_— = R == —.
pp Pr + Qm° 4+ Rm +etc 4’can >

By going backwards it will therefore be

7613.7'(35 —1/d7'[tn7r
i 4 ans

dd.m3s 1 U
S =) dn [dmnd,

d.73s 1 T
P 1/dn/d7r/d7rtan§,

1 T
3 — = _
ns—4/d7t/d7r/d7r/d7rtan2.

And hence one will find the sum of the propounded series to be

2
3 mlog2 1 / / / / T
B’ = G o drt [ dmr | dr | drtan X

and all integrals have to be taken in such a way that they vanish for 7= = 0.
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§39 Put 7 = g such that after the integrations g denotes the fourth part of
the circumference of the circle whose diameter = 1, or the arc of 90 degrees.
And further let it be

sing=y and cosq=x=+/1-yy;
it will be

C y
t - = .
an

Hence because of 7 = 24 the sum of our series will be

B Zf/qlogZ 4/dq/dq/dq/y q
Jon o fon [ 40—

2qqlog2  4u

3 q’
where, in order to find the quantity u, all integrals have to be taken in such a
way that the single integrals vanish for 4 = 0 and y = 0; but having calculated
the integrals it will be y = 1 and x = 0. But it is

W_/W__ — oo
/x =iy log /1 yy—logx

So let us put

it will be

Br® =

and

L A A A
log 2+4+6+8+10+etc

Because now it is

u:/dq/dq/dqlogi,

by a reduction of the integrals it will be

1 1
u:q/dq/dqlog;—/qdq/dqlog;

57



and further

1 1 1
/dq /dqlog; = q/dqlog; — /qdqlog e
1_u 1.1 / 1
/qdq/dqlog; =35 /dqlogx 5 qqdqlogx,
hence
1 1 1 1 1
= Qqq/dqbg; —q/qqu)g; + E/qqdqbg;,
that we now have three simple integral formulas we have to integrate.
§40 So let us consider these three single formulas separately and start with
this one [ dglog2; even if we already integrated it above [§ 35], let us ne-

vertheless integrate it again without considering sines and cosines; this will
simplify the integration of the remaining ones. Therefore, it is

8 10
/dqlog /dq(yy—i—y +y —I—y8+y10+etc>

To find this integral just consider the general term - [ y"*2dq - and because it
is
dq = 4y _ —ydx and xx+yy=1,

it will be

/yn+2dq —_ _/ynJrldx — _yn+1x_|_ (n+1) /y”xdy;

/ y'xdy = / y'x*dg = / y'dg — / y"2dg

- because of xx = 1 — yy; therefore, it is

[y = —y™xt (n1) [y'dg = (n+1) [ y+2dg

but it is

and

. n+2
n—+2 _ Y n+1 n
/y aq = n+2+n+2 y"dq.
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Hence the integral of one term is reduced to the integral of the preceding, and
because having done the integration x becomes = 0, it will be for this case

n+1
/y”*qu: n+2/y”d

Therefore, one will find all parts of the integral from this formula as follows

29, —
/ydq 5
41, - - -
/ydq—z 17
1-3-5
67, _
5.7
8d —
/y q 6 8‘1
etc.
Therefore, one will have
/dl 1 1 + 1-3 L 1-3-5 N 1-3-5-7 Lete):
1708 2 1724272463 24684 )

because the sum of this series was already found above (§ 36) to be = 21log?2,
it will be

/dqlogi = qlog?2.

§41 Now let us proceed to the second integral formula [ gdqlog %, which
becomes

8
/qdqlogf /qdq(yy—l—y —l—y —f—ys +etc>

and let us again consider the general term
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/ Y Pgdg = — / Y gdx = —y"lgx + / Y xdg + (n+1) / y"qgxdy
n+2
+2

_ _.n+l Y
=—y"gx+

+(n+1)/y”qdq— (n+1)/y”“qdq

Therefore, having put y = 1 and x = 0 it will be

/ n—l—l/ J
y" n+2 n+2 y"qdg.

The integrals of the single terms hence will be:

/éd_1+5+3~5 135 ¢

V=t et 62246 2

/Sd 1.7 . 57 357 _‘_1-3-5-7.1772

Y9 = @2 T8 62 " 6.8-42 ' 4.6-8-22 ' 2468 2
etc.

Hence one will obtain the integral

/dl Toyaa( o 19 135 1957 o
o108 =T 4 \2.1 7242 2463 2-46-8-4 '

L (385 L 857
1 427 463" 4.6-8-4 '
L T I S A A A
2.42\2 763" 6-84 ' 6-8.10-5 '
1 /1 7 7.9 7911
2.62\3 "'8-4 '8.10-5 8-10-12-6
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etc.

or also in this form

1 1 1-3 1-3-5 1-3-5-7
/qdqlogxzqq< + + 575 tT 5o +etc.>

4\2-1 2-4-2 2-4-6-3 2:4-6-8-4

+ 1 + 1 + L + ! + etc.
2.2 2.4 626 82.8

R . T A
22.42 4262 62 . 82 82102

I T AT A T Ak S
22.4.62 42.6.82 62 -8 - 102 82.10-122
3.5.7 5.7.9 7.9.11 9.11-13
2168 268102 #.81012  $.10.12.142 €

etc.

but these series actually contain the object in question, namely the summation
of the cubes of the terms of the harmonic series.

§42 If we proceed as in the first form, all series become summable (§ 36) and
one will have
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which, if the series are again summed column by column, give

1 qq 1 2 2.4 2.4.6
dalog — = M 102 +10g2( = .
/qugx p 08=tlog <2+ 34 356 3579 +etc>
1 (1, 4 46, 468
2.3\4 " 5.6 " 5.7.8 " 5.7.9.11 ' ¢
4.5\6 7.8 77910 " 7-9.11-12 ‘
1 (1, 8 . 810 |, 81012
6-7\8 7 9.10 " 9-11-12 ' 9-11-13-14 ' &¢
etc.
Butitis
1,2, 24 246 g
273.473.5.6 3.5.7.8 ¢ 2’
whence it will be
1—1— : + ! —I—etc—§ 7 _3.1
4 5.6 5.7-8 2 2 22
1.6 68 i _-354 351 51
6 7.8 7910 2.4 2 2.4 2 4w
1,8 810 . 3574 3571 571 71
879.10 ' 9.11-12 246 2 2462 464 66

Therefore, one will have
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1 gqq( 1 3 3-5 3-5-7
/qdqlog = qqlog?2 <2+2-42+2-4-62+2-4-6-82+etc'

2
RS
22 2
L3 1,11
2-42 2 42 4
L35 1,5 11
2:4.62 2 4.62 62 6
L8357 1,57 1.7 1,11
2-4-6-8 2 4.6-82 4 6-8 6 8 8

etc.

§43 But maybe the difficulty to find a closed expression will be reduced,
if we combine those three integral formulas. Therefore, let us take the third
formula

1
/ qqdqlog —,

which goes over into this one

8
/qqdq<yy+y —l—y —i—y8 +etc.>.

Consider the formula

/ y"2qqdq,

which becomes

— [y lgqdx =~y lagx 2 [y lgxdg + (n+1) [ y'qqady
——y"ggx+2 [y ady+ (n+1) [ y'agdg — (n+1) [ y"+qqde

hence it will be
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T A [ . / /
/y qqdq = — n+2 y' qy+ y"qqdq.
But it is

/ n+2 / 1 1-3-5-7---(n+1)
v _n+2 n+2 v _n+2 n+t2 2468 - (nt2)"
having put y = 1 (§ 40). As a logical consequence it will be

2 3.5.7-(n+1)
n+2 _ q o
/y 7949 = (n—|—2)<1 16 8-~(n+2)> n—|—2/y 7944

and the single terms of the integral in question will be

/ o — 113+
Yy qqaq 44‘1 4‘1

2q 1-3-5
/yqqdq— <1 R 6)+

Finally, having substituted and arranged the terms one will finally find

1 1 1 g¢°
2 _ 1, L
/yqqdq—ZZZq =52t 5 3
1
2

1
2

529(, 13\ 352

6 42

etc.

/dll— of 1, 13 135

1949708 1 = 6\ 21" 242" 2.4.6-3
TP YT SR S S-S
221 2 4.2 463" 4.6-8-4
(-2 LU LA AL AL B,
21 2.4 2763 6-8-4 " 6.8-10-5
L1 185\, 7 79 7911
621 2-4-6)\378.4 " 8-10-5  8-10-12-6




But because it is

1 1 1.1 1
= qu/dqlog;—q/qdvﬂog;+§/v/qdqlog;,

having added the integrals, as they were found, it will be

U= f 1 + 13 + 1:3:5 + etc
- 2\ 21" 242" 2463 ’
~ 1 T3y 35 397
2222 142" 463" 4684 ’
S R A AU AL
24224 \2'6-3' 684 ' 6-8-10-5 ’
¢ 135(1 7 79 7911
2-62 2-4-6\3 ' 8-4 ' 8-10-5 8-10-12-6

etc.

But having integrated the series as above [§ 36] it will be

3
:%logZ— 4 2log2,

210g2— )

1 1-3
2log2= 573~ 2-4-2)’

2log2 -3 _2-4-2_2-4-6-3>’

2oga— L - 1.3 135  1.3.5.7
& 242 2463 2-4-6-8-4

(
(22
( 1-3 1-3-5
i

etc.
But it is

Il e =W
22 42 @2 67

65



whence

Therefore, it will be

etc.

or having actually summed the first vertical series

3

66



§44 Because now the sum of our propounded series

1 1 1 1
1-— 3 + e + 5 etc.
is

3 _ 2qqlog2  4u

—B ,
7T 3 p
the same sum will become
1
-+ .1
+2-2
L 1-3 14 1
2.-4.4 22
1-3-5

1357 (1,11
2-4-6-8-8 22 32 42

etc.

Or, because it is

Ly 19 185 e —log2
2.2 244 2.4.6.6 CCT 08~

the sum of the propounded series will be

2 244 2-4-6-6

or this same sum can be expressed as follows

3
= —(1 - — - =7
B log2—|—22< og?2 '2>+32<log2 5 4

-l-l log2 — 1 — 1-3 1-3-5 + etc
42 & 2. Y

3

)



1 1 1-3 n 1-3-5
42\2-2 2-4-4 2-4-6-6

1 1 + 1-3 n 1-3-5 + 1-3-5-7
52\2-2 2-4-4 2-4-6-6 2-4-6-8-8

etc.

But because, no matter how we transform this series, we are not able to
reduce it to a simple series, whose sum is known, we stop our attempts here,
contented by these many expressions equivalent to the propounded series
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